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Abstract. In this paper we study two operations, Pasting and Reversing, 
defined from a natural way to be applied over some rings such as the ring of 
polynomials and the ring of linear differential operators, which is a differential 
ring. We obtain some properties of these operations over these rings, in par- 
ticular over the set of natural numbers, in where we rewrite some properties 
incoming from recreational mathematics. 
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1. Introduction 

In this section we set the historical online and the theoretical background nec- 
essaries to understand the rest of the paper. 



1.1. Historical background. Pasting and Reversing are common process for 
people any time. One idea to become as mathematical operations these process was 
worked for the first author since 1992. In particular, in 1993 were given some lec- 
tures about the case of the natural numbers. These lectures were published ten 
years after in [2]. 

After, in 2008, these Pasting and Reversing operation were applied to obtain 
families of Simple permutations, see pQ, [3] . 
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In the present work we introduce Pasting and Reversing operations for the case 
of the ring of polynomials. In natural way is introduced Pasting and Reversing of 
natural numbers where some beautiful properties that appears in |17j are expressed 
in terms of these operations. 

Finally, we start the study of some properties of differential rings. In particular 
from differential Galois theory (see [18j ). we start the analysis of these operations 
over linear differential operators. 

1.2. Preliminaries. We recall that a ring is a set R equipped with two binary 
operations + : Rx R — > R and • : R x R — > R satisfying the following requirements: 



(1) 


Va, b G R, a + b G R. 






(2) 


Va, b, c £ R, a + (b + c) = (a 


+ 6) 


+ c. 


(3) 


30 G R, such that Va € R, 


+ a : 


= a + = a 


(4) 


Va G R, 3b G R such that a - 


F6 = 


= 6 + a = 


(5) 


Va, b G R, a + b = b + a. 






(6) 


Va, 6 G R, a ■ b G R. 






(7) 


Va, 6, c G R, (a ■ b) ■ c — a ■ (b 


•c) 




(8) 


31 G R, such that Va G R, 1 


• a = 


a ■ 1 = a. 


(9) 


Va, b, c G i?, a • (b + c) = (a • 


b) + 


(a • c). 


(10) 


Va, 6, c G i?, (a + 6) ■ c = (a • 


c) + 


(6-c). 



This definition can be found in any book of algebra see for example |10j . 

We say that R is a differential ring if there exists a derivation d such that 
Va, b G R, d(a + b)=da + db, d(a ■ b) = da ■ b + a ■ db, 
for more details see [18] . 

In particular, we are interested in the ring of polynomials C[x] and in linear 
differential operators C defined as 

n 

C := ^afc<9 fc , where ak G K, 

fc=0 

being K a differential field. The set of operators £ is a differential ring. 

2. Pasting and Reversing over Polynomials 

In this section we introduce the Pasting and Reversing operations over the ring 
of polynomials and over the set of natural numbers in where some aspects of recre- 
ational mathematics are shown. 

2.1. Polynomial case. We only consider polynomials P such that x \ P(x). 
For suitability, we write P as follows: 

n 

P(x)=Y / a n - k x n - k . 
k=a 

We can see clearly that 1 + deg(P) = Q(P) is the number of coefficients of the 
polynomial P. 
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Definition 2.1 (Reversing of Polynomials). Consider P £ C[i] written as 

n 

(1) P(x) = Y / a n - k x n - k , 

k=a 

the Reversing of P , denoted by P is given by 

n 

(2) P(x) = J2 b n-kX n ~ k , b n _ k = a k , k = 0, 1, . . . , n. 

k=Q 

Although to work with deg is equivalent to work with Q, we prefer the last one 
for our convenience. 

Definition 1 2 . 1 1 lead us to the following result. 

Proposition 2.2. Consider the polynomials P and P as in equations ([I]), ([2|) 

respectively. The following statement holds. 

(1) P(x) = x n P(l/x), where n + l= C{P). 

(2) P(l/a) = if and only if P(a) = 0. 

(3) P(x) — (— l) n (aix — Px){a,2X — fa) ■ ■ ■ {a n x — fi n ) if and only if P(x) = 
(J3ix -ai)--- (f3 n x - a n ). 

(4) P = P. 

(5) OPl=CKP)._ 

(6) f+Q = P + Q, for Q{P) = C{Q). 

(7) P Q = P Q. 

Proof. We start the proof according to each item: 

(1) By equation (Q}, we can see that 

n 

X n P(l/ X ) = X n J2*n-k(l/x) n - k , 
k=0 

so that 

n n 
fe=0 fe=0 

In this way, by equation ([2]), we have x n P(l/x) = P{x). 

(2) Due to x ] P(x), a ^ 0. Now, by item 1, taking x = (1/a), we have 

P(l/a) = (l/a) n P(a). 

By hypothesis P(a) = 0, for instance P(l/a) = 0. In similar way for the 
converse. 

(3) From item 1, we have 

P{x) = x n (pt(l/x) -«!)•■■ (p n {l/x) - a n ) 
in this way, 

P(x) = (fit - aix) ■■■{fi n - a n x), 

for instance 

P(x) - {-l) n {aix - /3i) • ■ ■ (a n x - f3 n ). 
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In similar way for the converse. 

(4) Assume P(x) and P(x) as in item 3. Thus, we have 

P{x) = (-£)"(«! (1/z) — j9i) • • • (Q„(l/l) - P n ), 

so that _ 

P(x) = {f3\x -ax)--- (f3 n x - On), 

for instance P(x) — P(x). 

(5) From item 3 we observe that deg(P) = deg(P), thus Q(P) = Q(P). 

(6) Assume that 

n n 

P(x) = Y a n -kx n ~ k , Q(x) = Y bn- k x n ~ k . 

k=0 k=0 

Setting R = P + Q we have that 

n 

R(x) = Y c ™~kX n ~ k , Cj=aj+bj, j = 0,---,n. 

k=0 

Now, by equation ^ it follows that 

n n n 

R(x) = Y c k x n - k = Y *kx n ~ k + Y 6 ^"~ fc > 

fc=0 fc=0 k=0 

which means, again by equation ([2]), that R = P + Q. Thus, we conclude 

that P~+Q = P + Q. 

(7) Assume that 

P(x) = (fixx - ai) •■ • (J3 n x - a n ), Q(x) = (jxx -fix) ■ ■■ (j m % ~ Mm)- 
Setting R = P ■ Q we have that 

R(x) = {PiX - Oil) ■ ■ ■ (0 n X ~ a n ){"flX - fix) ■ ■ ■ ("fmX - fl m ). 

By item 3 of Proposition (|2.2I) we have that 

R(x) = {-l) n+m {axx - /3x) ■ ■ ■ (P n x - a n ){jxx - • • • {~f m x - fj, m ), 

being R(x) equivalent to 

[{-l) n { ai x -ft) ••■ ((3 n x - a„)][(-l) m ( 7 iz - M i) ••• (j m x - Mm)]- 

Thus, we obtain R(x) = P(x) ■ Q(x), which implies that P ■ Q = P ■ Q. 

Remark 2.3. From the start we assumed that x \ P{x). In case that x \ P{x), 
items 2 and 5 are false. We recall that items 4 and 5 also can be proven using only 
Definition \2.1[ i.e., equations (JTJ) and ([2]). 

There are some specific known cases in which we can use the reversing operation 
over special families of polynomials such as Bessel polynomials, see [5l [9]. 
Definition 1 2 . 1 1 lead us to the following definition. 

Definition 2.4. Polynomials P and Q are called palindromic and antipalindromic 
polynomials respectively whether they satisfy 

P = P, Q = -Q. 

Proposition 12.21 and Definition 12.41 lead us to the following results. 
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Proposition 2.5. Let P be a palindromic or antipalindromic polynomial with roots 
ai, ■ ■ ■ ,a n , being n + 1 = Q{P), then 

a k+j =l/ aj , Q{P) e{2fc + l,2fc + 2}, j = l,---,k. 

Furthermore, if Q(P) = 2k + 2 and P is palindromic (respectively antipalindromic), 
then a>2k+i = — 1 (respectively a2k+i = lj- 

Proof. By Definition 12.41 and Proposition ^. 2\ P(oy) = implies that 
P(l/ aj ) = ±P(l/ aj ) = 0, j = 1, • • • , Q(P) - 1. 

Thus, for Q(P) = 2fc + 1 we can arrange otk+j — 1 / a j , j = 1, • • • , k. In the same 
way for Q(P) = 2fc + 2, we have a^+j = j = 1, • • • , k and ct2k+i = 1/o^/c+i, so 

that cx2k+\ = ±1- If P = P, then the signs of the its coefficients must be preserved, 
so that a2fe+i must be —1. Finally, if P = — P then the signs of the coefficients 
must be interchanged, so that c<2k+i must be 1. 

Proposition 2.6. The following statements holds. 

(1) The addition of two palindromic polynomials, with the same degree, is also 
a palindromic polynomial. 

(2) The product of two palindromic polynomials is also a palindromic polyno- 
mial. 

(3) The addition of two antipalindromic polynomials, with the same degree, is 
also an antipalindromic polynomial. 

(4) The product of two antipalindromic polynomials is a palindromic polyno- 
mial. 

(5) The product of a palindromic polynomial with an antipalindromic polyno- 
mial is an antipalindromic polynomial. 

Proof. We prove the proposition according each item. 

(1) Let P and Q be palindromic polynomials. By item 6 of Proposition 12.21 
we have that P + Q = P + Q = P + Q. In consequence, P + Q is a 
palindromic polynomial. 

(2) Let P and Q be palindromic polynomials. By item 7 of Proposition 12.21 
we have that P ■ Q = P Q = P-Q. In consequence, P • Q is a palindromic 
polynomial. 

(3) Let P and Q be antipalindromic polynomials. By item 6 of Proposition 

[231 we have that P + Q = P + Q = -P - Q = -(P + Q). In consequence, 
P + Q is an antipalindromic polynomial. 

(4) Let P and Q be antipalindromic polynomials. By item 7 of Proposition 
Owe have that P^Q = P Q = (-P) • (-Q) = PQ. In consequence, 
P • Q is a palindromic polynomial. 

(5) Let P be a palindromic polynomial and let be Q an antipalindromic poly- 
nomial. By item 7 of Proposition 12.21 we have that P-Q = P-Q — 
P ■ (— Q) = — P ■ Q. In consequence, P • Q is an antipalindromic polyno- 
mial. 

The following definition corresponds to a natural example of orthogonal poly- 
nomials, see [6l 1141 115] . 
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Definition 2.7 (Chebyshev polynomials of first kind). The Chebyshev polynomials 
of the first kind, denoted by T n> are defined by the trigonometric identity 

T n (w) = cos(narccosui) = cosh(n arccosh w), n G Z + , 

which is equivalent to the identity 

T„(cos(a)) = cos(na) = cosh(na). 
Lemma 2.8. If w is given by |(z + -) then \{z n + -^) = T n {w) 

Proof. By Definition 12 . 71 we write 

Ti(w) = cos(a) = w 



T n (w) = cos(na), 

which lead us to 

p ina , -met ( p ia\ n _|_ ( P ia \ ~™ 1 

T n (w) = — = 1 ' [ ' = -(z n + z- n ). 

n\ ) 2 2 2 ' 

In particular, w = ^(z + -j). 

The following result has been suggested by V. Sokolov. 

Proposition 2.9. Let P 2 n be a palindromic polynomial with coefficients ai, < 
i < 2n. Then 

(3) 2z" = l^ a n-kTk{w), w=-[z + 

k=0 



z 



Proof. By hypothesis P2n(z) — a 2n z 2 " + a 2n -iz 2n 1 + . . . + a\z + ao. Now, 
due to P 2rl = Pin-, we have that = a 2 „_i, i = 0, . . . , 2n. Thus, dividing P 2n (z) 
by 2z n we obtain 

P2n(z) _ a 2 »z" + a 2n -iz n ~ 1 + ■ ■ ■ + a,2n-iz 1 ~ n + a 2 »z~" 
2z n ~ 2 
Reorganizing the common coefficients we have 

a 2n f zn + 1\ + f n _, + 1 \ + _ + 1 



2z n 2 \ z n J 2 \ z™- 1 / 2 

By the change of variable w — h(z + -) and Lemma |2.8[ the righthand side is 
a2nT n (w) + a 2 „-iT„_i(w) + . . . + a n T (w) when a, = a 2n -i, i = 0, .., 2n. Thus we 
can conclude the expression given in equation (J3J. 

The concept of palindromic and antipalindromic polynomials is very ancient, 
there are a lot of references about these polynomials using the concept of Reciprocal 
Polynomials, see for example [H [H llll 1131 116) and references therein. We recall, 

using the previous references, that P is the reciprocal of Q if Q = P = P* , z — 

a + bi, z = a — bi, 

P(z) = a n z n + a n -\z n ~ l + . . . + a\z + a 



Q(z) = P(z) = a z n + a\Z n 1 + . . . + a n -\z + a n . 
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On another hand, P is self reciprocal if P = P* = P. It is easy to see that for 
6 = 0, this means that z€M, then P = P, that is, P is a palindromic polynomial. 
In the same way, for antipalindromic polynomials. 

Now we introduce the definition of Pasting operation over polynomials. 

Definition 2.10. Pasting of the polynomials P and Q, denoted by PoQ, is given 
by: xG(Q)p + Q. 

The following properties are consequences of Definition 12.101 

Proposition 2.11. Let P,Q,R be polynomials. The following statements holds: 

(1) PoQ = q7p 

(2) (PoQ)oR = Po(QoR) 

Proof. We consider separately each item. 
(1) Let P, Q be polynomials, where 

s k 

P(x) =Y,a s -ix s -\ Q(x) =J2 b k-jX k - j . 

1=0 j=0 

Then, by Definition 12.101 and assuming R = Q o P we have 

k s k+s+l 

R(x) = x s+1 ]T b k - jX k - j + ]T a s ^x s - 1 = Y, c k+s+1 ^x k+s+1 -\ 
j=a i=o i=o 

where the coefficients c m are given by 

a m , < m < s, 
b m , s + l<m<k + s + l. 

By Definition 12.11 we obtain 

s k k+s+l 

P(x) =J2aix*~ l , Q(x) =J2 b o xk ~ j > #0) = J2 Cl 
i=o j=o i=a 

In consequence, by Definition 12.101 we have that 



k+a+l-i 



k+s+l s k 

k-j 

i- 

i=0 1=0 j=0 



R(x) = c t x k+s+1 - 1 = x k+1 aix s - 1 + b ? x 



So that we obtain R — PoQ. 
(2) Let P,Q,R polynomials, such that 



j 



i=0 



where, Q(P) = k+l,Q(Q) =j + l and Q(R) = 1 + 1. We write (PoQ)oR 
by means of Definition 12.11 as follows 



V i=0 i=0 J i=0 



l-i 



s 
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it is rewritten as 

* 3+l+2 E a ^ xk ~ l + (•'"' E ^ ' + E ,h 

i=0 V i=0 i=0 

which can be written as 

k / j i \ 



i=0 \i=0 i=0 / 

In consequence 

(PoQ)oR = Po{QoR). 

As consequence of Proposition l2.51 which is adapted for pasting of polynomials, 
we present the following result. 

Proposition 2.12. Let P be a polynomial. The linear polynomial x + 1 divides to 
the polynomial P o P. 

Proof. Owing to Q(PoP) is even and PoP is palindromic, then, by Proposition 
HH1 -1 is root of PoP, so that x + 1 | P o P. 

2.2. Natural numbers case. The properties presented before in the poly- 
nomial case are very useful for natural numbers choosing x — 10. For natural 
numbers, Q is called digital cipher, see [2]. 

We recall that, by previous results, the reversing of n G N is given by 

r r 

n = ajlO r- -' , where n = a r _jlO r ~-' . 
j=o j=0 

In a natural way, we introduce the concept of palindrome numbers: n in palindrome 
if and only if n — n. In the same way, the pasting of n, m 6 N is given by loQ < -" l 'n + 
m. 

For natural number case Propositions l2.2[ 12. Ill and 12. 121 can be summarized in the 
following result. 

Proposition 2.13. Let n, m, p <E N, the following statements holds: 

(1) n = n 

(2) nom = mon 

(3) (mon)op = mo(iiop) 

(4) Lf n is palindrome and Q(n) is even, then 11 is a divisor of n. 

(5) ll|non. 

In general the properties presented in polynomial case for the operations of the 
ring (+,■) are not true for natural numbers, although doing some restrictions we 
can obtain similar results as presented before. 

As application of pasting and reversing operations over natural numbers, we 
can rewrite some mathematical games such as the presented in [17j . For suitability 
to our purposes, we introduce the following notation 

(4) <>k=o a k ■= a oai o . . . oa n . 
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The following mathematical games can be found in |17j . but here we use our ap- 
proach. 

(!) (OILo 9 - fc) ■ 9 + 9 - (n + 2) = 0£±o8, whcre n - 9 - This can de expanded 
as: 

9 x 9 + 7 = 88 
98 x 9 + 6 = 888 
987 x 9 + 5 = 8888 
9876 x 9 + 4 = 88888 
98765 x 9 + 3 = 888888 
987654 x 9 + 2 = 8888888 
9876543 x 9 + 1 = 88888888 
98765432 x 9 + = 888888888 
987654321 x 9 - 1 = 8888888888 

(2) We know that l 2 = 1, now, for < n < 9, we have 

(O2=ol) 2 = <HU(A + 1) o 0*5(* + !)• 
This can be expanded as: 

1x1 = 1 
11 x 11 = 121 
111 x 111 = 12321 
1111 x 1111 = 1234321 
11111 x 11111 = 123454321 

mill x mm = 12345654321 

1111111 x 1111111 = 1234567654321 
11111111 x 11111111 = 123456787654321 
111111111 x 111111111 = 12345678987654321 

3. Pasting and Reversing over Differential Operators 

We consider linear differential operators 

C = a n d n + a n -\d n ~ + . . . + a\d + do, a ^ 0, a, e K, 

where i = 0,1, ... ,n and K is a differential field, see |18j . Solutions of linear dif- 
ferential equations are related with the factorization of linear differential operators, 
see [12] , 

From now on we understand as differential operators the linear differential 
operators. For suitability, we write C as follows: 

n 
fc=0 

As in previous cases, we denote by the number of coefficients of the differential 
operator C. For instance, if the order of £ is n, then Q(C) = n + 1. 

Definition 3.1 (Reversing of Differential Operators). Let 
C be a differential operator written as 

n 

(5) £ = J2 a n-kd n ~ k , a ^0, OiSK. 

k=0 
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The Reversing of C, denoted by C is given by 

n 

(6) C = Y / b n -kd n - k , b n _ k = a k , fc = 0,l,...,n. 

Definition 13.11 lead us to the following result. 

Proposition 3.2. Let C and C be differential operators as in equations ([5]), ([6]) 

respectively. The following statement holds. 

{1)1 = C. 

(2) £(£) = Q{£). 

(3) C + TZ = £ + K, for Q{C) = Q{TZ). 

Proof. Items 1 and 2 are consequences of the Definition 13. II Item 3 is proven 
in similar way to polynomial case. 

Remark 3.3. In general, there is not relationship between ker£ and ker£. Using 

2 

Differential Galois Theory, see [18] , it can be shown that e~T~ £ ker(<9 2 + 1 — x 2 ), 
while there are not Liouvillian functions in ker((l — x 2 )d 2 + 1). 

As particular case, we have the following result. 

Proposition 3.4. Assume Q(C) = 2, y £ ker£ andu £ ker£. Then (d In y) (d In u) = 
1. 

Proof. Solving the linear differential equations Cy = and Cu = 0, we obtain 

e J a i G ker£, e J a o g ker£. 

Thus, (d In y) (9 In u) = 1. 

Definition 13. 1[ as in polynomial case, lead us to the following definition. 

Definition 3.5. Differential operators C and 1Z are called palindromic and an- 
tipalindromic differential operators respectively whether they satisfy 

£ = £, K=-K. 

Proposition 13.21 and Definition 13 . 5 1 lead us to the following results. 

Proposition 3.6. Let C and 1Z be palindromic and antipalindromic differential 
operators respectively, being = (7(72.) = 2k. Then there exist differential 

operators S and T such that 

C = S{d + l). K = T(d-l). 

Proof. We can see that e~ x £ ker(<9+ 1) and e x £ ker(<9 — 1). Now, due to C = £, 
then a 2 k-i-i = ai and Q 2k ~ 1 ~ l e ~ x — —Q l e ~ x , j n this way, e~ x £ ker£, which 
means that there exists S such that C = S(d + 1). On another hand, owing to 
1Z = —1Z then a^k-i-i = —a-i an d d 2k ~ 1 ~ l e x — d l e x . In this way, e x £ keilZ, 
which means that there exists T such that TZ = T(d — 1). 

We recall that differential operators T and S are left divisors of C and TZ 
respectively. In the same way, d + 1 and d — 1 are right divisors of C and TZ 
respectively. For further details see |12j . 
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Proposition 3.7. The following statements holds. 

(1) The addition of two palindromic differential operators, with the same or- 
der, is also a palindromic differential operator. 

(2) The addition of two antipalindromic differential operators, with the same 
order, is also an antipalindromic differential operator. 



Proof. We proceed exactly as in Proposition 12.61 for the polynomial case, using 
Definition 13.51 and item 3 of Proposition 13.21 



Now we introduce the definition of Pasting operation over differential operators. 

Definition 3.8. Pasting of the differential operators £ and TZ, denoted by £oTZ, 
is given by: CdGW+£. 

The following properties, adapted from Proposition 12.111 are consequences of 
Definition [3751 



Proposition 3.9. Let £, TZ and S be differential operators. The following state- 
ments holds: 

(1) co1z = tz7c 

(2) {CoK)oS = Co(KoS) 

Proof. We consider separately each item. 
(1) Let £,1Z be differential operators, where 

s k 

£ = Y,a s -id s -\ U Y^h M h \ 

1=0 j=0 

Then, by Definition 13.81 and assuming S = TZ £ we have 

\j=0 J 1=0 i=0 

where the coefficients c m are given by 
a m , < m < s, 



b mi s + l<m<k + s + l. 
By Definition 13.11 we obtain 

s k fc+s+l 

£ = ^aid s -\ n = ^2b J d k - :i , S= c l <9 fc+s+1 -\ 

1=0 j=0 i=0 

In consequence, by Definition 13 . 81 we have that 

i=0 \l=0 J 3=0 

So that we obtain S = £ o TZ. 
(2) Let £, TZ, S differential operators, such that 

k j I 

£ = J2 a k- t d k ~\ n Y''j ■ >r ' '■ s = Y dl ~* dl ~ l > 

i=0 i=0 i=0 
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where, Q(£) = k+l,Q(K) = j + l and Q(<S) =1 + 1. We write (CoK)oS 
by means of Definition 13.11 as follows 



ik-id"-* & +1 + £ h, ,iV ■ d l+1 + dl-id l - 
\\i=0 / »=0 / i=0 

it is rewritten as 

(X>_^-A + (7j> ,<)■ ■) o i+i +j2d l . i o i 

\i=0 / \\i=0 / i=0 

which can be written as 

(j2 ak-i&A d j+l+2 + (j2 !>, ■<>■' ' o E 

\i=0 / \i=0 »=0 

In consequence 

{CoTZ)oS = Co(RoS). 



I — i 



As consequence of Proposition 13761 which is adapted for pasting of polynomials, 
we present the following result. 

Proposition 3.10. Let C be a differential operator. The operator 9 + 1 is a right 
divisor of the differential operator Co C. 

Proof. Owing to Q(CoC) is even and CoC is palindromic, then, by Proposition 
13.61 e~ x G ker P o P, so that T(<9 + 1) = P o P, for some differential operator T . 

The following results are particular cases of differential operators in where the 
differential field is considered as K = C. 

Proposition 3.11. Consider C and C as in equations ([5]). ([6]) respectively, being 
K = C. The following statement holds. 

(1) C = d n J2 n k=0 a^kd k - n , where C = YJl =f) a n - k d n - k . 

(2) x k e~ XiX G ker£ if and only if x k e XiX G ker£. 

(3) £= (-l) n (a x 9- 0i)(a 2 d- p 2 )...(and-P n ) if and only if C = (Pid - 
ot\){P2d - a 2 ) ■ ■ ■ (P n d - On), on, Pi G C. 

(4) C^JZ = C-TZ. 

(5) If C is a palindromic (or antipalindromic) differential operator such that 
{x h e XlX ,--- ,x ir e XrX } C ker£, then 



e x k+jX = e -Aj* ) r e {2/fc,2fc + l}, j = l, 

(6) TTie product of two palindromic differential operators is also a palindromic 
differential operator. 

(7) The product of two antipalindromic differential operators is a palindromic 
differential operator. 

(8) The product of a palindromic differential operator with an antipalindromic 
differential operator is an antipalindromic differential operator. 

Proof. It follows since the characteristic polynomial satisfy the same properties 
(see Propositions 12.21 12~51 12. 6[) and due to da — ad for all a G C. 
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Final Remark 

This paper is one starting point to develop several research projects such as: 

• Applications of Pasting and Reversing over vectorial spaces and matrices. 

• Applications of Pasting and Reversing over polynomials in several vari- 
ables. 

• Applications of Pasting and Reversing over general differential operators. 

• Applications of Pasting and Reversing over general difference and q - 
difference operators. 

• Applications of Pasting and Reversing over general simple permutations 
and combinatorial dynamics. 

• Applications of Pasting and Reversing in physics, particularly in super- 
symmetric quantum mechanics. 

There are papers in which this approach can be applied, see for example [4[ [8] 
for the polynomial case. We hope that the material presented here can be useful 
for the interested reader. 
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